Quantum interface links stationary qubits in quantum memory with flying photonic qubits in optical transmission channels and constitutes a critical element for future quantum internet. Entanglement of quantum interfaces is a key step for realization of quantum networks. Through heralded detection of photon interference, here we generate multipartite entanglement between 25 (or 9) individually addressable quantum interfaces in a multiplexed atomic quantum memory array and confirm genuine 22 (or 9) partite entanglement, respectively. Experimental entanglement of a record-high number of quantum interfaces makes an important enabling step towards realization of quantum networks, long-distance quantum communication, and multipartite quantum information processing.
Stationary qubits carried by the ground states of cold atoms are an ideal memory for storage of quantum information, while flying photonic pulses are the best choice for transmission of quantum information through the optical communication channels. A quantum interface can convert stationary qubits into flying photonic pulses and vice versa, and therefore generates an efficient link between quantum memory and optical communication channels [1] . An optically dense atomic ensemble is a good candidate for realization of the quantum interface as the directional emission due to the collective enhancement effects generates an efficient quantum link between atomic memory and forward-propagating photonic pulses [1] [2] [3] . For realization of quantum networks, long-distance quantum communication, and future quantum internet, a key requirement is to generate entanglement between those efficient quantum interfaces [1] [2] [3] [4] [5] [6] . Impressive experimental advances have been reported towards this goal [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . As the state of the art, up to four atomic ensemble quantum interfaces have been entangled through the heralded photon detection [14] .
In this paper, we report a significant advance in this direction by experimentally generating multipartite entanglement between 25, 16, and 9 individually addressable quantum interfaces, and confirm genuine 22, 14, and 9 partite entanglement respectively for those cases with high confidence level by measuring the entanglement witness. Through programmable control and heralded detection of photon interference from a two-dimensional array of micro atomic ensembles, we generate and experimentally confirm the multipartite W-state entanglement, which is one of the most robust types of many-body entanglement and has application in various quantum information protocols [18] [19] [20] [21] [22] . Tens to thousands of atoms in a single atomic ensemble have been entangled with heralded photon detection [21, 22] . In those cases, however, the atoms are not separable or individually addressable and we do not have multipartite entanglement between individual quantum interfaces. In other experimental systems, up to 14 ions [23] , 10 photons [24] , and 10 superconducting qubits [25] have been prepared into genuinely entangled states. Those experiments generate multipartite entanglement between individual particles, but each particle alone cannot act as an efficient quantum interface to couple memory qubits with flying photons. Our experiment achieves multipartite entanglement between a record-high number of individually addressable quantum interfaces and demonstrates a key step towards realization of quantum networks, long-distance quantum communication, and multipartite quantum information processing [1-6, 18, 19] .
Our experimental setup is illustrated in Fig. 1 . We divide a macroscopic 87 Rb atomic ensemble into a twodimensional array of micro ensembles [26] . Each micro-ensemble is optically dense and thus can serve as an efficient quantum interface. Different micro-ensembles can be individually or collectively accessed in a programmable way through electric control of a set of cross-placed acoustic optical defectors (AODs) [13, 26] , with details described in the supplementary materials [28] . Programmable control of the experimental setup plays an important role for scalable generation of entanglement [27] .
We use a variation of the Duan-Lukin-Cirac-Zoller (DLCZ) scheme to generate multipartite entanglement between a two-dimensional array of micro atomic ensembles [2] . The information in each atom is carried by the hyperfine levels |g ≡ |5S 1/2 , F = 2 and |s ≡ |5S 1/2 , F = 1 in the ground-state manifold. All the atoms are initially prepared to the state |g through optical pumping, and this initial state is denoted as |0 for each micro-ensemble. Through the DLCZ scheme, a weak write laser pulse can induce a Raman transition from |g to |s , scatter a photon to the signal mode in the forward direction with an angle 2
• from the write pulse, and excite a single atom into the corresponding collective spin-wave mode. This state with one collective spin-wave excitation is denoted as |1 i for the ith micro-ensemble.
We generate multipartite entanglement of the W-state type between micro-ensemble quantum interfaces [14, [18] [19] [20] [21] [22] . 
FIG. 1:
Experimental setup for generation and verification of multipartite entanglement between a 2D array of atomic quantum interfaces. a, We use a combination of the DLCZ scheme and the programable AOD multiplexer to generate multipartite entanglement of the W-state type between the atomic spin waves in a 2D array of micro-ensembles. For clarity, we show a 3 × 3 array, albeit we have also entangled 4 × 4 and 5 × 5 atomic arrays. The write laser beam is split coherently into 9 paths to simultaneously excite the 3 × 3 87 Rb ensemble array by the write AOD multiplexer which contains two orthogonal deflectors placed in the X and Y directions. The lens after the AOD multiplexer focuses the beams and at the same time maps different angles of the deflected beams to different positions in a big atomic cloud forming individual microensembles. The scattered signal photon modes are combined phase coherently by the lens 2 and the signal AOD de-multiplexer, and then coupled into a single-mode fiber with output detected by the single photon detector (SPD1). To verify multipartite entanglement, we use programable AOD multiplexer and de-multiplexer in the paths of the read beam and the idler photon mode to detect the atomic spin waves from different micro-ensembles in several complementary bases. To bound the double excitation probability, the idler photon mode is split by a 50/50 beam-splitter (BS) and detected by two single-photon detectors (SPD2 and SPD3) for registration of the three-photon coincidence (together with the SPD1). b, Illustration of 5 × 5 array from multiplexing of a laser beam at the position of the atomic ensemble. This image is obtained by shining a laser beam into the signal single-mode fiber which is multiplexed by the signal AOD and captured by a CCD camera at the position of atomic ensemble. The separation between adjacent signal modes is 180 µm both in X and Y directions, and the Gaussian diameter of both the signal and the idler modes is 70 µm. c, Relevant atomic energy levels and their coupling to the write/read laser beams and the signal/idler photon modes, with |g ≡ |5S 1/2 , F = 2 , |s ≡ |5S 1/2 , F = 1 , and |e ≡ |5P 1/2 , F = 2 . The write (read) laser beam is red detuned at ∆ = 10 MHz (∆ = 0), respectively, at the center atomic node.
For N micro-ensembles, an ideal W state has the form
where for the ith component we have a phase factor e iφi and a single collective spin-wave excitation in the ith ensemble. The W state corresponds to a type of extremal multipartite entangled state most robust to the particle loss [18] and has applications in implementation of quantum information protocols [2, 3, [18] [19] [20] [21] [22] . To generate the W state entanglement between N micro-ensembles, we split the write laser pulse into N beams by the write AODs as shown in Fig. 1 , and coherently combine the signal photon modes from N micro-ensembles by the signal AODs with equal weight into a single direction which is coupled to the single-mode fiber for detection. When we register a signal photon by the detector, this photon is equally likely to come from each micro-ensemble, which has an atomic excitation in the corresponding spin-wave mode. The final state of N micro-ensembles is described by the W state (1) in the ideal case as the AODs maintain coherence between different optical superposition paths.
The experimentally prepared state differs from the ideal form (1) from contribution of several noise and imperfections. First, there is a small but nonzero probability to generate double excitations of the photon-spin-wave pair. Second, the spin wave mode could be in vacuum state when we registered a photon due to imperfect atom-photon correlation or loss in the atomic memory. Finally, even with exactly one spin-wave excitation, it may not distribute equally and perfectly coherently among N micro-ensembles. The experimental state ρ e can be expressed as
where p 0 , p 1 , p 2 and ρ 0 , ρ 1 , ρ 2 denote respectively the population and the corresponding density matrix with zero, one, and double excitations in the spin wave modes. The state fidelity is defined as
To verify multipartite quantum entanglement between N quantum interfaces, we use entanglement witness to lower bound the entanglement depth k (k ≤ N ) [29] , which means the state ρ e has at least k-partite genuine quantum entanglement [30] . An entanglement witness appropriate for the W-type entangled state is given by
, where P n (n = 0, 1, 2) denote the projectors onto the subspace with n excitations in the spin-wave modes and the parameters α k , β k , γ k ≥ 0 are numerically optimized [28] such that for any state ρ a with entanglement depth less than k, the witness is non-negative, i.e. tr[
Therefore, tr[W k ρ e ] < 0 serves as a sufficient condition to verify that we have at least k-partite genuine entanglement among the N quantum interfaces.
To bound the entanglement depth, we experimentally measure the fidelity F and the population p 0 , p 1 , p 2 . The detailed measurement procedure is explained in the supplementary materials [28] . The spin-wave excitation in each quantum interface is retrieved to the idler photon for detection by a read laser beam. First we calibrate the retrieval efficiency for each micro-ensemble. Then we measure the double excitation probability p 2 by detecting the photon intensity correlation in the idler mode conditional on a photon click in the signal mode. Finally, we measure p 1 , p 0 and fidelity F by programing the four sets (write, signal, read, and idler) of AODs in different detection configurations as shown in Fig. 2 . When we measure the population p 1 , the idler AOD successively picks up the output photon mode of each individual micro-ensemble for detection; and when we measure the fidelity F , the idler AOD coherently combines with equal weight the output idler modes from N micro-ensembles to a single-mode fiber for detection, which gives an effective projection to the state |W N .
We have performed the entanglement preparation and verification experiments with 3 × 3, 4 × 4, and 5 × 5 arrays of micro-ensembles. For 9 individually addressable micro-ensembles, the results are shown in Fig. 3 . We have achieved a high fidelity with F = (92.2 ± 1.6)% for the 9-partite W state. In Fig. 3d , we show the distribution of the entanglement witness W 9 = tr[W 9 ρ e ] for the experimental data. From this distribution, we conclude with a confidence level of 99.98% that we have generated genuine 9-partite quantum entanglement.
In Fig. 4 , we show the experimental results from the measurements of 16 and 25 micro-ensembles. The fidelity F is (84.9 ± 1.7)% and (83.9 ± 1.4)%, respectively. With more ensembles, it becomes harder to maintain the uniformity in the optical depth and the laser excitation probability for each ensemble, which causes the fidelity decay. For 16 and 25 ensembles, the fidelity is not high enough to prove all of them are genuinely entangled; however, we can use The measured values, together with the 68% confidence intervals (corresponding to the region within one standard deviation if the distribution is Gaussian), for the population p0, p1, p2, the fidelity F , and the entanglement witness W9. The optimized parameters in the witness W9 are given by α9 = 0.369, β9 = 0.889, and γ9 = 0.268. d, The distribution of entanglement witness W9, where W9 < 0 implies 9-partite genuine entanglement. The probability with W9 < 0 is 99.98% from this measurement. The measured values, together with the 68% confidence intervals, for the population p0, p1, p2, the fidelity F , and the entanglement witness W14, W22, for the 4 × 4 and 5 × 5 cases, respectively. The optimized parameters in the witness W14 (W22) are given respectively by α14 = 0.635, β14 = 0.813, γ14 = 0.240, and α22 = 0.550, β22 = 0.840, γ22 = 0.244. c,d
The distribution of entanglement witness W14 and W22 for the 4 × 4 and 5 × 5 cases, respectively. The probability with W14 < 0 is 99.997% and the probability with W22 < 0 is 96.5% from these measurements.
the entanglement witness to prove a high entanglement depth. As shown in Fig. 4 Our experimental preparation of multipartite entanglement in a record-high number of individually addressable quantum interfaces represents a significant milestone in quantum state engineering. Through programing of AODs to control intrinsically stable optical interference paths, the entanglement preparation and verification techniques developed in this experiment are fully scalable to a larger number of quantum interfaces. Generation of multipartite entanglement between many individually addressable quantum interfaces demonstrates a key step towards realization of quantum networks [2, 3] , long-distance quantum communication [2, 4, 5] , and multipartite quantum information processing [3, 14, 18, 19] .
Supplemental Materials: Experimental entanglement of 25 individually accessible atomic quantum interfaces
Materials and Methods
Experimental methods. A 87 Rb atomic cloud is loaded into a magneto-optical trap (MOT). For cooling and trapping of the atoms in the MOT, a strong cooling beam, red detuned to the D2 cycling transition |g ≡ |5S 1/2 , F = 2 → |5P 3/2 , F = 3 by 12 MHz, is used. The repumping laser, resonant to the |s ≡ |5S 1/2 , F = 1 → |5P 3/2 , F = 2 transition, pumps back those atoms which fall out of the cooling transition. The temperature of the atoms is about 300 µK in the MOT. The atoms are then further cooled by polarization gradient cooling (PGC) for 1 ms. The PGC is implemented by increasing the red detuning of the cooling laser to 60 MHz, and reducing the intensity to half of the value at the MOT loading stage. At the same time, the repumping laser intensity is decreased to 0.5% of the value at the loading phase, and the magnetic gradient coil is shut off. The temperature is reduced to about 30 µK after this process and the size of the MOT remains almost the same. After the PGC some portion of the atoms are scattered to the |s state, and we use a 100 µs repumping pulse to pump all the atoms back to |g . During the storage, the ambient magnetic field is not compensated, so the retrieval efficiency of the collective spin-wave excitation undergoes Larmor precession. In our case, the Larmor period is 5.8 µs. The time interval between the read and the write pulses is set to this Larmor period to achieve the highest retrieval efficiency for the idler photon.
The experimental sequence begins with a write pulse of 100 ns long, which is split by the write AODs to N paths to excite the two-dimensional (2D) array of atomic ensembles. If no signal photon is detected, a clearance pulse identical to the read pulse will pump the atoms back to |g . The write-clearance sequence is repeated until a signal photon is detected. Upon detection of the signal photon, the corresponding collective spin-wave excitation is stored in the atomic ensemble for a controllable period of time and then retrieved by a read pulse to a photon in the idler mode. The conditional control of write/read pulses is implemented by a field-programmable gate array (FPGA). The signal or idler photons collected by the single-mode optical fiber are directed to a single-photon counting module (SPCM). The photon countings and their coincidence are registered through the FPGA.
Control of acoustic optical deflectors. The radio-frequency (RF) signal is generated by two 4-channel arbitrarywaveform generators (AWG, Tektronix 5014C). One of the AWG supplies the RF for write, read, signal, and idler acoustic optical deflectors (AODs, AA DTSXY-400) in the X direction, and the other supplies the RF for the AODs in the Y direction. The outputs of the AWG channels are amplified by a 2 W RF amplifier (Mini-circuits, ZHL-1-2W) to drive the AODs.
The nonlinearity in the amplifier and the AODs could induce other unwanted frequency components, which cause imperfection in the mode multiplexing and de-multiplexing. By carefully tuning the relative phases in read, signal, and idler AODs as discussed in [1] , we can attenuate the influence from these unwanted frequency components by an extinction ratio about 120 dB, which becomes negligible for our experiment.
Although the AODs split the optical paths into many different branches, the relative optical phases between different branches are intrinsically stable as different optical paths in our experiment go through the same optics elements. This is an important advantage which eliminates the need of complicated active phase stabilization for many optical interferometer loops in our experiment. The relative phases between different superposition paths are adjusted in experiments by controlling the phases of different RF frequency components that drive the write AODs.
Supplementary text Entanglement witness for W-type states
Ideally, we should generate the W-type multipartite entangled states. Due to noise and imperfection, the experimentally prepared state is always mixed. To verify multipartite entanglement in the proximity of the W states, we use the following entanglement witness introduced in Ref. [2] 
where P n (n = 0, 1, 2) is the projector onto the subspace with n excitations (n (n ≤ N ) qubits in the |1 state), and
denotes the N -qubit W state, where we have neglected the unimportant relative phases between the superposition terms as they can be absorbed into the definition of the basis states. The parameters α k , β k , γ k ≥ 0 are chosen such that for any states ρ with entanglement depth E d less than k (states without genuine k-partite entanglement), the witness is non-negative, i.e., tr(W k ρ) ≥ 0. Since a general density operator ρ can always be expressed as a convex combination of pure states, it suffices to consider the non-negativity over pure states |φ with E d < k. Furthermore, due to the permutation symmetry of the W state and the P n operators, we can write |φ = |a 1,··· ,l |b l+1,··· ,N (l, N − l ≤ k) without loss of generality. Here we are mainly interested in the case where k is close to N and hence we assume k ≥ 2N/3. The above expression also includes the case where |φ can be separated into the tensor product of more than two parts. If we find such an entanglement witness W k characterized by the parameters α k , β k , γ k , and if the experimentally generated state ρ e satisfies tr(W k ρ e ) = α k p 0 + β k p 1 + γ k p 2 − F < 0, we can conclude that the state ρ e must possess at least genuine k-partite entanglement. The parameters p 0 , p 1 , p 2 in the above witness denote the population with zero, one, or double excitations in the spin-wave modes and F ≡ W N |ρ e |W N denotes the state fidelity. The parameters p 0 , p 1 , p 2 , F are directly measured in our experiment. The component state |a 1,··· ,l (and similarly |b l+1,··· ,N ) can be generally expanded as
where |g 1,··· ,l = |00 · · · 0 1,··· ,l denotes the ground state with all the qubits in the |0 state, |e 1 1,··· ,l ∝ P 1 |a 1,··· ,l is a normalized state with exactly one excitation, and |e l 1,··· ,l denotes a state with exactly l excitations. Our purpose is find out the optimal parameters α k , β k , γ k so that for any state |φ with above decomposition, we have tr(W k |φ φ|) ≥ 0. The non-negativity of the witness is not affected by normalization of the state. Suppose we have a state |φ = (a 0 |g + a 1 |e 1 ) 1,··· ,l (b 0 |g + b 1 |e 1 ) l+1,··· ,N whose witness is non-negative, i.e., tr(W k |φ φ|) ≥ 0. Now if we keep a 0 , a 1 , b 0 and b 1 unchanged but introduce non-zero a 2 , · · · , a l , b 2 , · · · , b N −l terms, the projection onto P 0 , P 1 and |W N W N | remain unaffected while the projection on P 2 may increase, because the added terms have at least two excitations. Therefore this new state is guaranteed to have a non-negative witness. In other words, to test the non-negativity of the entanglement witness, we only need to consider bi-decomposable pure states |φ with each part staying in the subspace of no more than one excitation. For the same reason, only the completely symmetric state |W l (|W N −l ) needs to be considered in the one-excitation subspace, since a one-excitation state orthogonal to the symmetric state is also orthogonal to |W N but still contributes to the P 1 and P 2 terms. Through the above reasoning, we only need to find optimal α k , β k , γ k such that for any l, N −l ≤ k and any complex numbers a 0 , a 1 
has non-negative witness tr(W k |φ φ|) ≡ f ≥ 0, which can be expressed as
The parameters α k , β k , γ k should be chosen such that the minimal value of f is non-negative. Clearly this function is minimized when a 0 , a 1 , b 0 and b 1 are in phase, so we can choose 0 ≤ a 0 , a 1 , b 0 , b 1 ≤ 1. Therefore, we can express them as a 0 = cos θ 1 ,
With the new parameters θ 1 , θ 2 , we have
To find the minimum of this objective function, we calculate the partial derivatives ∂f /∂θ 1 and ∂f /∂θ 2 with respect to θ 1 and θ 2 . Inside the rectangular region (0, π/2)×(0, π/2), stationary points are determined by ∂f /∂θ 1 = ∂f /∂θ 2 = 0, which gives,
To find the stationary point solution, we choose an arbitrary initial point inside the region, say, with θ 1 = θ 2 = π/4, and then apply the substitution Eq. (9) and Eq. (10) iteratively until the result converges. With this method, we get the minimum of f with respect to θ 1 , θ 2 for a given l. This minimum of f is also compared with the value of f at the boundary to get the absolute minimum of f in the rectangular region. Finally, the integer parameter l is scanned so that we get the absolute minimum of f , denoted as f m , with respect to the parameters l, θ 1 , θ 2 . We choose the parameters α k , β k , γ k so that the witness condition f m ≥ 0 is satisfied. There are infinite combinations of α k , β k , γ k that satisfy this requirement. To find the optimal α k , β k , γ k for given experimental data p 0 , p 1 , p 2 , F , we choose a combination of α k , β k , γ k that leads to the smallest (most negative) entanglement witness tr(W k ρ e ) = α k p 0 +β k p 1 +γ k p 2 −F because it is the negative value of the witness tr(W k ρ e ) that indicates the existence of k-partite entanglement. The parameters α k , β k , γ k in the caption of Figs. 3 and 4 are determined in this way for verification of genuine multipartite entanglement with k = 9, 14, 22 and N = 9, 16, 25, respectively.
Experimental measurement of the entanglement witness
To experimentally verify multipartite entanglement, we measure the entanglement witness tr(W k ρ e ) = α k p 0 + β k p 1 + γ k p 2 − F , which reduces to measurement of four parameters p 0 , p 1 , p 2 , F . To measure these parameters for the spin-wave states in the atomic ensembles, all the detections are done through the conversion of spin wave excitations to the idler photons. First, we need to calibrate the retrieval efficiency η i for each micro-ensemble, which is defined as the probability to register a photon count in the idler mode by the single-photon detector given a single excitation in the corresponding collective spin-wave mode.
We measure the retrieval efficiency by the setup shown in Fig. 2c and 2d in the main text. Through control of the AODs, we successively excite and measure each micro-ensemble through the standard DLCZ scheme. For the ith ensemble, through the measured photon counts on the signal and idler modes and their coincidence, we get the probability P SI to detect a coincidence. The coincidence probability can be expressed as
where the second term P
I denotes the random coincidence from two independent distributions and the first term denotes the retrieved signal with the retrieval efficiency η i . From the above expression, we get η i = P (i)
I , which is inferred from the three measured qualities P
SI . For our experiment, the measured retrieval efficiencies are close to 4% for all the micro-ensembles. For the 3 × 3 micro-ensemble array, the results of the measured η i are shown in Fig. 3a of the main text.
After determination of the retrieval efficiency η i , we can then measure the population p 0 , p 1 , p 2 and the fidelity F . In our experiment, the double excitation probability p 2 is quite small. To illustrate the basic idea of detection method, first we look at a simple case by neglecting the contribution of p 2 (later we will go to the more realistic case by determining the small but nonzero p 2 ). Without the contribution of p 2 , the experimental density matrix has the simplified form ρ e = p 0 ρ 0 + p 1 ρ 1 . To measure p 1 , we use the setup shown in Fig. 2a and 2d of the main text. After preparation of the state with the excitation configuration in Fig. 2a , we successively pick up the idler mode from each micro-ensemble to measure the photon counts as shown in Fig. 2d . The measured probability q i to record a photon count from the ith idler mode in each experimental trial is given by
where |i ≡ |00 . . . 1 i . . . 00 denotes the state with a spin-wave excitation in the i th micro-ensemble and none in others. From this expression, we get i q i /η i = p 1 i i|ρ 1 |i = p 1 , so we obtain p 1 and p 0 = 1 − p 1 from the measured q i and η i . As an example, for the case of 3 × 3 micro-ensemble array, the results of the measured q i /η i are shown in Fig.  3b of the main text.
For this simple case, it is also easy to detect the fidelity F , which is measured by the setup shown in Fig. 2a and 2b of the main text. In Fig. 2b , the idler AODs are set to equally and coherently combine the idler modes from all the N micro-ensembles. If we neglect the small inhomogeneousity in the retrieval efficiencies η i and replace η i with their average η, the measured probability q f to record a photon count from the combined mode in Fig. 2b in each experimental trial is just given by q f = η W N |ρ e |W N = ηF , which gives the fidelity as F = q f /η from the measured quantities q f and η. Later we will take into account both the contribution of the double excitation probability p 2 and the inhomogeneousity in η i to correct the formula for the fidelity F . Now we consider the contribution of the double excitation probability p 2 . First we need to measure this small probability p 2 in our experiment. The measurement configuration is shown by the supplementary figure S1a, where we split the combined idler photon mode by a 50/50 beam splitter and detect the three-photon coincidence between the single photon detectors D1, D2, and D3. We measure the normalized three-photon correlation, defined by
where q 1 , q 12 , q 13 , q 123 denote respectively the probabilities of registering a photon count on detector 1, a coincidence of counts between detectors 1 and 2, a coincidence between detectors 1 and 3, and a coincidence between detectors 1, 2 and 3 in each experimental trial. By this definition, α becomes independent of the detector efficiency and the transfer efficiency from the spin-wave modes to the photon modes as their contributions to the numerator and the denominator of α cancel with each other. The normalized correlation is thus given by
where a W (a † W ) denotes the annihilation (creation) operator for the spin-wave modes in the W state. From our excitation configuration for preparation of the W state, the dominant excitations in ρ 1 and ρ 2 should be along the same spin-wave mode as they come from the driving by the same write beam. Neglecting small imperfection terms, we can express ρ 1 and ρ 2 approximately as
where ρ 0 denotes the vacuum for spin-wave excitations and a e denotes the excited spin-wave mode, which in our experiment is quite close to the mode a W for the W state. The factor of 1/2 in ρ 2 comes from normalization tr(ρ 2 ) = 1. Under this approximation, we have 0|a
. So the normalized correlation reduces to
By measuring the normalized correlation α, we thus get a simple relation between the double-excitation and singleexcitation probabilities p 2 and p 1 . Note that with the approximation in Eq. (15), the measured α should be independent of which combinations of the idler photon modes we detect for the three-photon coincidence if we keep the write beam intensity fixed (thus p 2 /p 2 1 fixed). If instead of a W , we detect a different superposition a d of spin-wave modes, the factor of commutator [a d , a † e ] still cancels in the numerator and the denominator of α. We tested this prediction with the results shown in the supplementary figure S1b and S1c, where the measured values of correlation α for three randomly chosen superposition modes a d are shown. These values of α remain unchanged within the experimental error bar although the detected modes a d are quite different. This experimental test further supports that the approximation in Eq. (15) is valid for our experiment.
With consideration of the double-excitation probability p 2 , for the detection of q i with the configuration shown by Figs. 2a and 2d of the main text, Eq. (12) should be replaced by
where |i, j = |00 . . . 1 i . . . 1 j . . . 0 denotes the double-excitation state with spin-wave excitations in the ith and jth micro-ensembles. As both η i and p 2 are small for our experiment, the high-order contribution η Measurement of the three-photon correlation and the double excitation probability. a, The detection configuration for measurement of the double excitation probability p2, where a 50/50 beam splitter is inserted to split the combined idler mode to detect the double excitations in this mode. We combine this detection configuration with the entanglement generation configuration shown in Fig. 2a of the main text, where the detector D1 registers a signal photon in the combined mode. We register the three-photon coincidence between the detectors D1, D2, and D3, and from it construct the normalized three-photon correlation α and the double excitation probability p2 as explained in the supplementary text. b,c Test of the three-photon correlation α under different measurement bases. We check three arbitrarily chosen bases here. In case 1, we detect in the full superposition basis from the 3 × 3 ensemble array. In case 2 and 3, we detect in the partial superposition basis from the 2 × 3 (1st and 2nd rows) and 3 × 2 (1st and 3rd columns) ensemble arrays, respectively, as illustrated in b. The measured three-photon correlations α shown in c are independent of the measurement bases within the experimental error bar (the error bar corresponds to one standard deviation). Note that for the test measurement shown in c we have increased the write laser intensity compared with the one for the W state generation to get a higher three-photon coincidence rate, so the value of α is also higher than what we have for the W state preparation experiment.
the second term. A summation of the above equation over the index i then gives
Combining this equation with α = 2p 2 /p 2 1 and the normalization p 0 + p 1 + p 2 = 1, we can determine the population p 0 , p 1 and p 2 with the measured quantities α and i q i /η i . The experimental data for p 0 , p 1 and p 2 in Figs. 3 and 4 of the main text are determined in this way. To determine the error bar and the confidence intervals, we sample the measured photon counts and coincidences through the Monte Carlo simulation by assuming a Poissonian distribution. For each sample of photon counts/coincidences, we determine the population p 0 , p 1 and p 2 through the above equations. The Monte Carlo simulation then gives the distribution for the parameters p 0 , p 1 and p 2 , from which it is straightforward to calculate the error bar and the confidence intervals. The confidence intervals for all the other quantities in our experiment, including the fidelity to the W state and the entanglement witness, are determined in the same way by the Monte Carlo simulation.
Finally, we determine the fidelity F to the W state by taking into account both of the double excitation probability and the small inhomogeneousity in the retrieval efficiencies from different micro-ensembles. The experimental setup to measure F is still given by Figs. 2a and 2b in the main text. The idler AODs in Fig. 2b equally and coherently combines the idler photon modes from N micro-ensembles. The retrieval efficiency for the ith ensemble is η i . The total transfer efficiency from a spin-wave excitation in the ith ensemble to a photon click on the idler photon detector is thus given by t i = η i /N . Let T = i t i and t i = t i /T . The measurement then corresponds to a projection to the state
where we have neglected the unimportant relative phases between the superposition terms as with appropriate setting of the RF phases in the AODs the relative phases cancel with each other and they can be absorbed into the definition of the number state |i ≡ |00 . . . 1 i . . . 00 . By taking into account the double excitation probability p 2 , conditioned on a click on the signal detector (D1), the success probability to register a photon count on the idler detector in Fig.  2b is given by
where the 2p 2 term similarly comes from the contribution of ρ 2 , which, due to the small transfer efficiency t i , is twice the contribution of ρ 1 (same as the derivation made in Eq. (18)). From the measured conditional probability q f , we derive a lower bound on the W state fidelity F . As the identity operator I ≥ |W N W N |, we have
and the total transfer efficiency T are known quantities as all the retrieval efficiencies η i have been calibrated. The single and double excitation probabilities p 1 and p 2 are determined already from the experimental measurements described before. From the above equation, we then obtain the lower bound to the W state fidelity F from the measured q f . With this lower bound to F and the measured values of p 1 and p 2 , we determine an upper bound to the entanglement witness tr(W k ρ e ), which can then be used to verify multipartite entanglement. The measurement results from the above procedure are summarized in Figs. 3 and 4 of the main text.
